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In this paper, both the Wolfe type and MondWeir type dual problems for a
class of nondifferentiable multiobjective programs in which every component of the
objective function contains a term involving the support function of a compact
convex set are formulated. Weak duality theorems are established under suitable
conditions. A special case which appears repeatedly in the literature is that the
support function is the square root of a positive semidefinite quadratic form. This
and other special cases can be readily generated from our results.  2000 Academic
Press
1. INTRODUCTION
 In a recent paper, Mond and Schechter 3 studied nondifferentiable
symmetric duality, in which the objective function contains a support
function. In this paper, based on Mond and Schechter’s ideas, we replace
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the objective function by a somewhat more general function, namely, the
support function of a compact convex set, for which the subdifferential
may be simply expressed. Using this function, we construct a general dual
model for a class of nondifferentiable multiobjective programs and estab-
lish weak duality theorems under suitable weak convexity conditions.
We consider the following multiobjective programming problem,
 VP minimize f x  s x C , f x  s x C , . . . ,Ž . Ž . Ž .Ž . Ž .Ž 1 1 2 2
f x  s x C subject to g x  0, xD , 1Ž . Ž . Ž .Ž . .p p
where f and g are differentiable functions from  n p and  nm,
 4respectively; C , for each i P 1, 2, . . . , p , is a compact convex set ofi
 n, and D is an open subset of  n.
In this section, we first introduce a general MondWeir type dual for
Ž . Ž .problem VP . Some weak duality results are obtained for VP under
Ž .various generalized F,  -convexity assumptions.
Ž .We recall the following definitions of the generalized F,  -convexity
 defined by Preda 4 .
DEFINITION 1.1. A functional F: DD n is sublinear if for
any x, uD,
F x , u; a  a 	 F x , u; a  F x , u; a , a , a  nŽ . Ž . Ž .1 2 1 2 1 2
and
F x , u; a  F x , u; a , ,  0, and a n .Ž . Ž .
Let F be a sublinear functional, the function  : D be differen-
Ž .tiable at uD, , and d ,  : DD.
Ž .DEFINITION 1.2. The function  is said to be F,  -convex at u, if
 x 
  u  F x , u; u  d 2 x , u ,  xD.Ž . Ž . Ž . Ž .Ž .
Ž .DEFINITION 1.3. The function  is F,  -quasiconvex at u, if
 x 	  u  F x , u; u 	
d 2 x , u ,  xD.Ž . Ž . Ž . Ž .Ž .
Ž .DEFINITION 1.4. The function  is F,  -pseudoconvex at u, if
F x , u; u 
d 2 x , u   x   u ,  xD.Ž . Ž . Ž . Ž .Ž .
Ž .DEFINITION 1.5. The function  is strictly F,  -pseudoconvex at u, if
x u , F x , u; u 
d 2 x , u   x   u ,  xD.Ž . Ž . Ž . Ž .Ž .
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2. DUALITY
Ž . Ž .We propose the following general dual VD to VP :
VD maximize f u  uT w 
 y g u ,Ž . Ž . Ž .Ý1 1 i iž
iI0
f u  uT w 
 y g u , . . . ,Ž . Ž .Ý2 2 i i
iI0
f u  uT w 
 y g u subject toŽ . Ž .Ýp p i i /
iI0
p
T f u  w 
 y g u  0, 2Ž . Ž . Ž .Ž .Ý i i i
i1
y g u 	 0,  1, 2, . . . , r , 3Ž . Ž .Ý i i
iI
y 0, 4Ž .
w  C , i 1, 2, . . . , p ,   ,  , . . . ,  	, 5Ž .Ž .i i 1 2 p
 4 
where I M 1, 2, . . . , m ,  0, 1, 2, . . . , 
 with  I M and 0 
I  I  if  . Let 
 p T  4 p	   :  0,  e 1, e 1, 1, . . . , 1  . 4
Ž . Ž .THEOREM 2.1 Weak Duality . Assume that for all feasible x of VP and
Ž . Ž . Ž . Ž .all feasible u, , w, y of VD , if 
Ý y g   1, 2, . . . , 
 isi I i i
Ž .F,  -quasiconex at u and assuming that one of the following three
conditions holds:
Ž . Ž . Ž .T Ž . Ž .a f    w 
 Ý y g  is both F,  -quasiconex andi i i I i i i0
Ž . 
 pF,  -pseudoconex at u, i P with Ý  Ý    0 r ;i 1  i1 i i
Ž . Ž . Ž .T Ž . Ž .b f    w 
Ý y g  is F,  -quasiconex at u,  i Pi i i I i i i0
Ž . Ž .T Ž .and there exists k P such that f    w 
Ý y g  is strictlyk k i I i i0
Ž . 
 pF,  -pseudoconex at u, with Ý  Ý    0;k 1  i1 i i
Ž . p Ž Ž . Ž .T . Ž . Ž .c Ý  f    w 
Ý y g  is F,  -pseudoconex at u,i1 i i i i I i i0
with Ý
    0, then the following cannot hold,1 
 Tf x  s x C 	 f u  u w 
 y g u , for all i P , 6Ž . Ž . Ž . Ž .Ž . Ýi i i i i i
iI0
and
 Tf x  s x C  f u  u w 
 y g u , some i P . 7Ž . Ž . Ž . Ž .Ž . Ýi i i i i i
iI0
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Ž . Ž . Ž .Proof. As x is feasible for VP and u, , w, y is feasible for VD , we
have
y g x  0 y g u ,  1, 2, . . . , 
 .Ž . Ž .Ý Ýi i i i
iI iI 
Ž . Ž .By the F,  -quasiconvexity of 
Ý y g u ,  1, 2, . . . , 
 , it follows i I i i
that
F x , u;
 y g u 	
 d 2 x , u ,  1, 2, . . . , 
 . 8Ž . Ž . Ž .Ý i i ž /
iI
Ž .On the other hand, by 2 and the sublinearity of F, we have
p
F x , u;  f u  w 
 yg uŽ . Ž .Ý Ýi i i i iž /ž /
i1 iI0


 F x , u;
 yg uŽ .Ý Ý i iž /
1 iI
p
T F x , u;  f u  w 
 y g u  0. 9Ž . Ž . Ž .Ž .Ý i i iž /
i1
Ž . Ž .Combination 8 and 9 gives
p 

2F x , u;  f u  w 
 yg u   d x , u . 10Ž . Ž . Ž . Ž .Ý Ý Ýi i i i i ž / ž /ž /
i1 iI 10
Ž . Ž . Ž .Now suppose, contrary to the result, that 6 and 7 hold. From 1 and
T Ž  .x w 	 s x C , we havei i
T T f x  x w 
 y g x 	 f x  x w 	 f x  s x CŽ . Ž . Ž . Ž . Ž .Ýi i i i i i i i
iI0
	 f u  uT w 
 y g u ,  i P ,Ž . Ž .Ýi i i i
iI0
11Ž .
f x  xT w 
 y g xŽ . Ž .Ýi i i i
iI0
T 	 f x  x w 	 f x  s x CŽ . Ž . Ž .i i i i
 f u  uT w 
 y g u , for some i P . 12Ž . Ž . Ž .Ýi i i i
iI0
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Ž .By a , we get
F x , u;f u  w 
 yg u 	
 d 2 x , u ,  i P , 13Ž . Ž . Ž . Ž .Ýi i i i iž /
iI0
F x , u;f u  w 
 yg u 
 d 2 x , u , for some i P .Ž . Ž . Ž .Ýi i i i iž /
iI0
14Ž .
 Ž . Ž .From 	 , 13 , 14 and the sublinearity of F, we have
p p
2F x , u;  f u  w 
 yg u  
   d x , u .Ž . Ž . Ž .Ý Ý Ýi i i i i i iž / ž /ž /
i1 iI i10
15Ž .

 p Ž .Since Ý  Ý    0, it follows from 15 that1  i1 i i
p 

2F x , u;  f u  w 
 yg u   d x , u , 16Ž . Ž . Ž . Ž .Ý Ý Ýi i i i i ž / ž /ž /
i1 iI 10
Ž . Ž . Ž .which contradicts 10 . Hence 6 and 7 cannot hold.
Ž . Ž .As for b , we see from the above arguments that the strict F,  -pseu-k
Ž . Ž .T Ž . Ž .doconvexity of f    w 
Ý y g  and 11 implyk k i I i i0
F x , u;f u  w 
 yg u 
 d 2 x , u , for some i P .Ž . Ž . Ž .Ýk k i i kž /
iI0
17Ž .
Ž . Ž . Ž .T Ž .The F,  -quasiconvexity assumption of f    w 
Ý y g  ,  ii i i i I i i0
Ž . Ž . Ž . Ž . Ž . Ž . Ž . P and 11 imply 13 . Since 17 and 13 imply 16 , 6 and 7 cannot
hold.
Ž .  Ž . Ž .Suppose now that c is satisfied. From 	 , 11 , and 12 , it follows
that
p p
T T f x  x w 
 y g x   f u  u w 
 y g u .Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý Ý Ýi i i i i i i i i i
i1 iI i1 iI0 0
Ž . p Ž Ž . Ž .T .Then, by the F,  -pseudoconvexity of Ý  f    w 
i1 i i i
Ž .Ý y g  at u,i I i i0
p
2F x , u;  f u  w 
 yg u 
d x , u . 18Ž . Ž . Ž . Ž .Ž .Ý Ýi i i i iž /
i1 iI0
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 Ž .Since Ý    0, it follows from 18 that1 
p 

2F x , u;  f u  w 
 yg u   d x , u ,Ž . Ž . Ž .Ž .Ý Ý Ýi i i i i ž /ž /
i1 iI 10
Ž . Ž . Ž .which contradicts 10 . Hence 6 and 7 cannot hold.
3. SPECIAL CASES
 T 4Let us consider C  B w : w B w	 1 . It is easily shown thati i i
Ž T .12 Ž  . Ž .x B x  s x C and that the sets C i 1, 2, . . . , p are compact andi i i
Ž . Ž .convex. Then the primal problem VP and the dual problem VD become
the problem
12 12T TVP minimize f x  x B x , f x  x B x , . . . ,Ž . Ž . Ž .Ž . Ž .1 1 1 2 2ž
12Tf x  x B x subject to g x  0, xD ,Ž . Ž .Ž .p p /
and the problem
VD maximize f u  uTB w
 y g u ,Ž . Ž . Ž .Ý1 1 1 i iž
iI0
f u  uTB w
 y g u , . . . ,Ž . Ž .Ý2 2 i i
iI0
f u  uTB w
 y g u subject toŽ . Ž .Ýp p i i /
iI0
p
T f u  B w 
 y g u  0,Ž . Ž .Ž .Ý i i i
i1
y g u 	 0,  1, 2, . . . , r ,Ž .Ý i i
iI
y 0,
wTB w	 1, i 1, 2, . . . , p ,   ,  , . . . ,  	.Ž .i 1 2 p
Ž . Ž . Ž . Ž .If I M, I  1	 	 
 , VP and VD reduce to VP and0  1 1
Ž .   Ž . Ž .VDP in 2 , respectively; if I , I M, I  2	 	 
 , VP1 0 1  1
Ž . Ž . Ž .  and VD reduce to VP and VDP in 2 , respectively. We remark that1 2
Ž Ž .. Ž .T Ž . nif F x, u; u   u  x, u , where : DD is a vector
Ž .valued function, then the notations for the generalized F,  -convexity
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Ž  .reduce to the notations of invexity see 1 . So our results in Theorem 2.1
 improve, extend, and unify Theorem 1.1 and Theorem 1.2 in 2 .
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